Reflection symmetry detection for 2D shapes is a well-known task in Computer Vision, but there is a limited number of efficient and effective methods for its solution. Our previously proposed approach based on pair-wise comparison of sub-sequences of skeleton primitives finds the axis of symmetry within few seconds. In order to evaluate the value of symmetry relative to the found axis we use the Jaccard similarity measure. It is applied to the pixels subsets of a shape which are split by the axis. Often an axis found by the skeleton comparison method diverges more or less from the ground-truth axis found by the method of exhaustive search among all the potential candidates. That is why the algorithms that allow adjusting the axis found by the fast skeleton method are proposed. They are based on the idea of searching the axis which is located near the seed skeleton axis and has greater Jaccard similarity measure. The experimental study on the "Flavia" and "Butterflies" datasets shows that proposed algorithms find the ground-truth axis (or the axis which has slightly less Jaccard similarity value than the ground-truth axis) in near real time. It is considerably faster than any of the optimized brute-force methods.
INTRODUCTION
When analyzing binary shapes we will see that some objects, both of artificial and natural origin, possess reflection (axial) symmetry. It is obvious that real-world images can rarely be absolute reflection-symmetric. Thus, it is valuable to detect approximate reflection symmetry and evaluate the symmetry measure of a shape (see Figure 1 , the axes and the symmetry measures were evaluated on the basis of Jaccard similarity). Symmetry assessment can be used in many computer vision applications such as the analysis of plants growing conditions or tumor detection in medical imaging.
The task of symmetry detection and symmetry measure evaluation for 2D shapes is well-known, but there is a limited number of effective and efficient methods for its solution based on: 1) Fourier series expansion of parametric contour representation (Van Otterloo, 1988) , 2) contour representation by turning function (Sheynin et al., 1999) , 3) contour representation by critical points and computation of similarity measure for two sub-contours via vectors of geodesic distances (Yang et al., 2008 ), 4) model of Electrical Charge Distribution on the Shape (ECDS) (Li et al., 2014) , 5) Boundary-Skeleton Function (BSF) (Niu et al., 2015) , 6) pair-wise comparison of sub-sequences of skeleton primitives (Kushnir et al., 2016) . Most of these methods are based on known algorithms evaluating dissimilarity (or similarity) of shapes and described in Section 2.
All the efficient methods of symmetry detection are approximate; therefore, the axis of symmetry found by them can be adjusted. The idea of symmetry axis adjustment constitutes the novelty of the proposed work. In this paper we are going to adjust the results of the fast method based on pair-wise comparison of sub-sequences of skeleton primitives (Kushnir et al., 2016) . The adjustment algorithms utilize the exhaustive search algorithm principles for the Figure 1 . Examples of images with higher (top) or lower (bottom) value of symmetry measure evaluated on the basis of Jaccard similarity reflection symmetry axis detection (Kushnir et al., 2016) that are represented in Section 3.
The developed methods are described in Section 4 and were experimentally studied on the known "Flavia" dataset (Wu et al., 2007) and the dataset of butterflies images; the experimental results are shown in Section 5. The paper concludes with some discussions on the results and further work.
RELATED WORK
There is a number of methods for fast approximate search of reflection symmetry axis and the symmetry value for binary images in the literature. Most of them are based on the certain algorithms of shape matching and (dis)similarity measure evaluation. Nevertheless, those algorithms are modified because they are applied not to different shapes but to the two parts of a shape. A shape is divided into two parts by a line, similarity of two parts is referred to as their mirror similarity with respect to that line. The line which divides a shape into two most similar parts is taken as a desired symmetry axis.
Proposed in (Van Otterloo, 1988 ) method of reflection symmetry detection is based on parametric contour representation. Several variants of information-preserving parametric contour representation are provided. The normalized to 2π arc length, or perimeter of polygonal contour, is used as a parameter. Fourier series expansion is applied to the representation. Achieved Fourier coefficients of different contours can be compared by calculating their mutual distance. Based on such a method, pair-wise dissimilarity measure of shapes or approximate asymmetry measure of a shape could be calculated.
The approach for reflection symmetry detection suggested in (Sheynin et al., 1999 ) is based on the method of polygonal shapes comparison proposed in (Arkin et al., 1991) , where the shape contour is normalized to a unity and represented by a turning function. A turning function is a periodic parametric contour representation. The drawback of such representation is high sensitivity to noise in the boundary. Therefore preliminary smoothing of the boundary might be useful when this representation is used for comparing shapes. The scaling, translation, and rotation invariant dissimilarity metric for any two turning functions is introduced. Based on this metric the similarity measure for two shapes is obtained. This measure could be used in symmetry measure calculation because it will be the maximum of all possible similarity measures between the contour of the shape and the same contour reflected relatively to all possible lines. The line which gives the maximum similarity will be the axis of the symmetry.
According to the approach stated in (Yang et al., 2008 ) a figure contour is represented as a set of critical points (Latecki , Lakämper, 1999) . This set captures all the information required for detecting the dissimilarities of contours. The set is computed using Discrete Curve Evolution (DCE) method (Latecki , Lakämper, 1999) . Then the set is divided into two parts. The parts that minimize the dissimilarity value, i.e., maximize self-similarity, are used to define the main similarity axis, which corresponds to the main axis of reflection symmetry for many shapes. Proposed dissimilarity measure is motivated by inner distance (or geodesic distance) introduced in (Ling , Jacobs, 2007) . The advantage of geodesic distance is that it is insensitive to the articulation of parts. This property could be very important for computing approximate reflection symmetry measures.
The inner distance is also used in (Li et al., 2014) , where the Electrical Charge Distribution on the Shape (ECDS) is calculated on its basis to find the axis of symmetry. The ECDS is invariant to isometric transformation, so the symmetry detection method can deal with extrinsic and intrinsic symmetry. Then, the reflection symmetry detection problem in the shape space is transformed to a horizontal lines (i.e. rows with all zeros) detection problem in a local similarity matrix which is formed from differences between corresponding electrical charges of the shape relative to all potential symmetry axes. The horizontal lines of different lengths in a similarity matrix indicate global and local reflection symmetry parts of shapes.
It is worth noting that all above-mentioned methods of reflection symmetry detection are based on contour representation of a shape. The two following methods are based on both the skeleton (Blum, 1967) and the boundary representation of a shape.
The outline of the method proposed in (Niu et al., 2015) is following: firstly, the skeleton of the input 2D shape is computed and a number of equidistant points from the shape boundary is sampled. Then, a 1D function is constructed to describe a 2D shape. This function is called Boundary-Skeleton Function (BSF); it is defined as the minimal inner-distances between the boundary sample points and the skeleton. Since the inner-distances are intrinsic properties of a shape, the BSF is isometric invariant and robust to boundary noise. Then, the local extrema of the BSF are computed; they partition the function into a number of curved segments. Each segment is characterized by a feature vector that captures local features of the BSF. Finally, reflection symmetry in a shape is detected upon matching the curved segments of the function. However, the experimental study in (Niu et al., 2015) was made on a small number of simple artificial shapes; it is not clear how the method performs on natural approximately symmetrical objects with occlusions, protrusions, and so on.
The method of symmetry axis searching proposed in (Kushnir et al., 2016) uses the procedure of pair-wise skeletons comparison where skeletons of binary images are encoded by chains of primitives (Kushnir , Seredin, 2014 , Kushnir , Seredin, 2015 . To get a chain of primitives, a skeleton has to be traversed counterclockwise. Each primitive represents a traversed skeleton edge and has at least two normalized values -the length of the skeleton edge and the angle between the current and next edges. Rescaling of the length is done by the diameter of the minimum circle circumscribed about the skeleton. The angle is normalized by 2π.
To obtain more complex and precise shape representation it is proposed to incorporate a vector of Legendre coefficients p = {p0, . . . , pn} as the third component in a primitive. Legendre coefficients encode the radial skeleton function of each skeleton edge (Kushnir , Seredin, 2014) . This function determines the width, or contour, of a shape along the skeleton edges. So, each primitive becomes a three-component vector ω = {l, α, p}. The chain representation of the skeleton is invariant under translation, rotation, and scaling. For two primitive chains the optimal alignment could be calculated and dissimilarity measure can be evaluated for the corresponded images as described in (Kushnir , Seredin, 2015) .
For the reflection symmetry detection task a skeleton has to be divided into two parts -the "left" and the "right" sub-skeletons. The left part has to be traversed counterclockwise and the right one -in clockwise direction. As a result, the "left" and the "right" primitive sub-chains are obtained; they could be compared by the shape matching procedure based on pair-wise alignment of primitive chains (Kushnir , Seredin, 2014 , Kushnir , Seredin, 2015 . Thus, the most similar parts of a skeleton among all possible ones correspond to the most similar parts of a shape which are considered reflection symmetric parts. The start and the end points of a skeleton division into "left" and "right" parts can be regarded as points belonging to the symmetry axis of a shape.
THE SYMMETRY FUNCTION OF A SHAPE
The exact symmetry estimation algorithm based on pair-wise exhaustive search of shape outer contour points was proposed
The International Archives of the Photogrammetry, Remote Sensing and Spatial Information Sciences, Volume XLII-2/W12, 2019 Int. Worksh. on "Photogrammetric & Computer Vision Techniques for Video Surveillance, Biometrics and Biomedicine", 13-15 May 2019, Moscow, Russia in (Kushnir et al., 2016) and used to evaluate ground-truth symmetry axis. Lines are drawn through the all possible pairs of points, each line is considered a potential symmetry axis which divides a shape into two parts; each part is represented as a set of pixels. The similarity between two sets is evaluated by using the Jaccard measure (for binary sets it is also known as Tanimoto):
where B = binary image Br = reflection of the binary image B with respect to a line S(B) = set of pixels belonging to the image B, the brightness of which is equal to 1.
The line which divides a shape into two most similar sets (the value of Jaccard measure for them is maximum) is considered to be the sought-for symmetry axis of a shape. As the algorithm of exhaustive search is very time consuming, its two accelerated versions have been proposed -the optimization taking into account semi-perimeter of a shape, and the optimization with respect to the center of mass of a shape (Kushnir et al., 2016) .
Let us now introduce the concept of a symmetry function as a function of two arguments that takes a pair of contour points and computes the Jaccard measure relative to the straight line drawn through these points. This measure will be the symmetry measure of the shape evaluated relative to the straight line drawn through specified points on the axis. Figure 2 illustrates the fact that the symmetry function has many local extrema, which leads to impossibility of using gradient methods to identify the symmetry axis (axes) of a shape. 
ADJUSTMENT OF REFLECTION SYMMETRY AXIS FOUND BY THE FAST NUMERIC METHOD BASED ON THE SKELETON REPRESENTATION
It is obvious that the methods mentioned in Section 2 are based on numeric procedures and obtain approximate solutions. Here we investigate the possibility of adjusting the symmetry axis found by the fast skeleton method (Kushnir et al., 2016) . Preliminary study has shown that the axis found by the skeleton comparison algorithm usually gives a smaller value of symmetry measure in comparison to the axis obtained by exhaustive search algorithm, which always gives the maximum value of the symmetry measure for the same image. Nevertheless, the skeleton axis is located in a way that it crosses the shape contour in an ε-neighborhood of each one of the intersection points of the exact ground-truth symmetry axis with this shape contour. Thus, the proposed approach is that we adjust axis found by the skeleton method, i.e. find a line in its neighborhood, which gives a value of symmetry measure larger than the value of symmetry measure corresponding to adjusted axis. This way, we will improve the accuracy of the skeleton method within a reasonable time.
We shall call the adjusted skeleton axis seed axis; and any candidate axis in searching process is probe one. The symmetry axis necessarily crosses the object contour, so we consider only the boundary points of the shape to get probe axes. The image boundary image is represented by a sequence of points numbered from 0 to N − 1.
The First Version of the Axis Adjustment Algorithm
1. The seed axis is defined by two points p1 and p2 of shape contour intersection with the symmetry axis found by the skeleton method. 2. Specify two contour points that bound pre-defined ε-neighborhood of the first point along the contour: a = p1 − ε, b = p1 + ε. These two points (a and b) limit the finite set of some contour points [a; b] . Specify two contour points that bound pre-defined ε-neighborhood of the second point along the contour: c = p2 −ε, d = p2 +ε. These two points (c and d) limit the finite set of some contour points [c; d] . 3. On the segments [a; b] and [c; d] select two sets of equidistant points Q = {qi = a + h · i, i = 0, .., n}, S = {si = c + h · i, i = 0, .., n} , where n is the number of parts which segments are broken into, h is the stride of partition, which is calculated as an integer part of 2ε n . 4. Iterate through all pairs of the points belonging to sets Q and S obtained in step 3. This iteration defines l = |Q| · |S| probe straight lines. Calculate the symmetry measure relative to each obtained probe line, i.e. axis; store one of them for which the maximum value of symmetry measure is obtained. 5. If the stride h is bigger than 1, two contour points p 1 and p 2 , belonging to the straight line which gives the maximum value of symmetry measure, are passed to step 2: p1 := p 1 , p2 := p 2 , ε := h, otherwise go to step 6. 6. If any of the points a, b, c, d belongs to the obtained line, this line is declared the seed one and its points p 1 and p 2 are passed to step 2, otherwise this line is a sought-for symmetry axis.
The basic concepts of the algorithm are illustrated in Figure 3 . It is worth noticing that the proposed algorithm always finds the axis, which gives the symmetry measure that is not less than the measure obtained by the skeleton method. 
The Second Version of the Axis Adjustment Algorithm
It is well known that the symmetry axis must pass through the center of mass of the absolutely symmetric shape. We used this fact to optimize the first variant of the adjustment algorithm. As a rule, the axis of the approximately symmetric shape does not pass exactly through the center of mass, but in its neighborhood, which we will consider a circle with center coinciding with the center of mass of the shape. The radius R of this circle is calculated as kR · D, where D is the distance from the center of mass to the outermost contour point, kR is the coefficient of proximity to the center of mass. If we have a priori knowledge about the good quality of the seed axis, it will be enough to examine only those probe axes that locate within the radius R from the center of mass specified through the parameter kR.
Only them cross the circle with radius R centered at the center of mass. Some of the straight lines will be excluded from the searching process, the measure of symmetry for them will not be calculated, and thus, execution time of the method will be reduced.
The Third Version of the Axis Adjustment Algorithm
The main peculiarity of the third version is the initial selection of adjustment areas, which is performed in a following way. The seed axis is defined by two intersections with the contour points p1 and p2. Tangents to a circle with radius R and center at the center of mass are traced from these points as shown in Figure 4 . Two pairs of tangents limit two finite sets of contour points [a; b] and [c; d] . The adjustment process will be implemented on these sets similar to what was done in the second version of the algorithm.
This method provides a flexible choice of both the search intervals on the shape contour, and the length of this interval by setting the value of the only parameter kR.
Remark 1.
Segments [a; b] and [c; d] can be of different sizes. So the strides of selection of equidistant points could vary. This implies that the algorithm completes its execution only when the stride on both the first and the second segment is equal to 1. If the seed axis does not intersect the circle with center of mass and radius R; and the point p1 lies outside the interval [a; b] , the interval is expanded to the point p1. Similarly, if the point p2 lies outside the interval [c; d] , the interval is expanded to the point p2.
EXPERIMENTAL STUDY
The developed methods were experimentally studied on two image datasets. The first one is the known "Flavia" image dataset (Wu et al., 2007) consisting of 32 classes of images. We have selected 5 classes for our experiments; their numbers are: 4, 8, 18, 30, and 32, each class contains from 52 to 72 images with resolution of 800 by 600 pixels. The second dataset is "Butterflies" image dataset (accessible at http://lda.tsu.tula.ru/papers/Butterflies.zip). It contains 30 images with resolution of 400 by 600 pixels which were found on public Internet resources. All images selected for our experiments were binarized.
Quality and Speed Assessment of the Proposed Algorithms
In our experiments the value n was equal to 10, and the parameters ε and kR were varied. In Table 1 the following estimations for each class of images are presented: the root-mean-square deviation (RMSD) between the symmetry measure after adjustment and the ground-truth symmetry measure; the maximum deviation and the number of deviations in a class that are three times as much as the RMSD; the average processing time (considering only adjustment time, without searching of a seed axis) per image in seconds. Best results for each row are marked with red bold. Study was performed on a PC with Intel Core CPU i7-7500U @ 2.7 GHz, 16 GB RAM.
In Figure 5 we demonstrate some samples of adjustment -in the top row the skeleton and the red seed axis obtained by the skeleton method are shown for each image; in the bottom row the red seed axis and the yellow axis obtained by the proposed adjustment method are shown. For all sample images the adjusted axis coincides with the ground-truth one.
Figure 5 also illustrates the necessity of adjustment procedure applying to the results of approximate methods of reflection symmetry detection, particularly, for the skeleton comparison method -the skeleton symmetry axis is located more or less far from the ground-truth axis in most cases (see also experimental results in (Kushnir et al., 2016) ). Table 1 . Experimental results on quality and speed of adjustment algorithms Figure 5 . Examples of axis adjustment: in the top row the axis obtained by the skeleton method (red) is shown; in the bottom row -the adjusted axis (yellow). In all cases, the adjusted axis coincides with the ground-truth axis
As has been already mentioned, the idea of symmetry axis adjustment draws up the novelty of this paper. It seems there haven't been any works about adjustment of a symmetry axis found by a numerical approximate method before. Thus, we can not compare our experimental results to the ones of some similar methods.
As seen from Table 1 , the first and the second algorithms are outperform the third one in quality, and the second and the third algorithms outperform the first one in speed. So, we could recommend the second algorithm as a compromise solution.
The combination of parameters kR = 0.03 and ε = 0.25N fits our experimental data rather well. But it can not be regarded as a general recommendation.
Symmetry Measure columns in Table 2 show quality of the second algorithm on "Butterflies" dataset. For 4 out of 30 images adjusted axis does not coincide with ground-truth one (marked by red-filled cells) but very close to it (see Figure 6 ). An inexact final decision depends on bad seed axis or too complicated contour configuration in the search area (feelers of butterflies). Table 2 . Experimental results on performance speedus
Performance Speedup with Parallelization
Our further efforts were made to study the possibility of speeding up the adjustment procedure in order to utilize it in real time. Three versions of adjustment algorithm have some resources of internal parallelism, connected with search of all probe lines in a neighborhood and calculation the corresponding values of the symmetry measure. These operations are independent and can be performed concurrently for different probe lines (Fedotova et al., 2017) .
We have parallelized the second version of adjustment algorithm for a conventional personal multi-core computer using OpenMP (Quinn, 2003) as the parallel programming technology. It is designed for shared memory systems and provides convenient tools for manipulating threads within a single application.
The parallel realization was tested on a PC with 2 real processors: Intel Xeon CPU E5606 @ 2.13 GHz, 2 processors, 12 GB RAM. The program was run on 30 images from "Butterflies" dataset with the seed symmetry axes calculated by skeleton comparison procedure (Kushnir , Seredin, 2015 , Kushnir et al., 2016 . Table 2 demonstrates ground-truth values of symmetry measures obtained by exhaustive search brute-force algorithm, processing time of each image for exhaustive search algorithm implemented on supercomputer "Lomonosov" (Sadovnichy et al., 2013) , values of symmetry measures obtained by adjustment algorithm, processing time of each image for sequential and parallel versions, and achieved speedup. Adjustment algorithm with parameters kR = 0.03, ε = 0.25N was tested on 2, 4, 6 and 8 threads. Thus, involvement of parallel computations leads to additional increase in productivity and reducing the processing time to hundreds of milliseconds.
DISCUSSION AND CONCLUSION
The proposed method allows adjusting the symmetry axis of a binary image, found by the pair-wise comparison of skeleton primitives sub-sequences that encode the shape skeleton. The experimental results show that adjusted axis either coincides with the ground-truth one or its deviation from the ground-truth axis is extremely small in most cases. The proposed algorithm failed to achieve good-enough solution for some images that can be explained by the wrong seed axis location. Moreover, the results on "Butterflies" dataset show that if the processed images have high value of the reflection symmetry measure (more than 0.95), the appropriate solution has to be found because the skeleton method gives a very good seed axis for such images.
There are some images, for which the axis found by the pair-wise comparison of skeleton primitives sub-chains is significantly different from the axis found by the exhaustive search (see Figure 7 , the axis obtained by exhaustive search is marked by the green dashed line). However, from the expert's point of view, the position of the axis obtained by exhaustive search does not seem reasonable. But the axis found by the skeleton method, is located where it is expected. This fact needs to be examined in details in order to develop more sophisticated methods for calculating ground-truth reflection symmetry axis, combining the Jaccard measure with the contour approaches. In comparison with the results obtained earlier by using optimized methods of exhaustive search, we have managed to speed up the procedure significantly. In (Kushnir et al., 2016 ) the average processing time of optimized exhaustive search methods was about 300-500 seconds per image; and the processing time for skeleton comparison method was about 1-1.5 seconds per image. The proposed adjustment methods developed with parallelization takes hundreds of milliseconds to find the ground-truth (or close to it) symmetry axis. Thus, the total time of symmetry axis search, taken by the skeleton comparison method and then the adjustment method, allows reducing the processing time to 1.5-2 seconds per image. Further efforts will be made to speed up the procedure to dozens of milliseconds in order to utilize it in real time.
